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Abstract 

A rectangular partition is the partition of an (axis-aligned) 
rectangle into interior-disjoint rectangles. We ask whether 
a rectangular partition permits a "nice" drawing of its dual, 
that is, a straight-line embedding of it such that each dual ver- 
tex is placed into the rectangle that it represents. We show 
that deciding whether such a drawing exists is NP-complete. 
Moreover, we consider the drawing where a vertex is placed 
in the center of the represented rectangle and consider suf- 
ficient conditions for this drawing to be nice. This question 
is studied both in the plane and for the higher-dimensional 
generalization of rectangular partitions. 



1 Introduction 

Problem statement and results We consider the partition 
of the d-dimensional cube into axis-parallel d-dimensional 
hyper-rectangles (or boxes) with disjoint interiors which we 
call hyper-rectangular partitions. The dual complex of such 
a partition is an abstract simplicial complex of dimension d 
and represents the connectivity of the boxes in the partition, 
possibly after a slight distortion if more than d + 1 boxes 
meet in a common point. Each vertex of the dual represents 
a box of the partition. 

We pose the question of whether a partition permits a 
"nice" drawing of its dual in R d . We impose three condi- 
tions for niceness: first of all, the drawing must be straight, 
that is, a face must be drawn as the convex hull of the ver- 
tices that are on its boundary. That means that the draw- 
ing is completely determined by the positions of the vertices. 
Second, we disallow improper intersections of faces; for in- 
stance, edges are not allowed to cross except at their end- 
points. The first two conditions can be summarized to that 
the drawing must yield a simplicial complex in M. d . The fi- 
nal condition is that each vertex must be placed in the box 
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Figure 1: Left: A (generic) rectangular partition. Right: An embed- 
ding of the dual. 



that it represents; that guarantees some minimal amount of 
geometric closeness between a primary cell of the partition 
and its dual counterpart. If a drawing with these three condi- 
tions is possible, we call it an embedding. See Figure Q] for 
an illustration of a rectangular partition in R 2 and its dual. 

We will see that not every hyper-rectangular partition per- 
mits an embedding of the dual with the properties from 
above, so a natural question to ask is how fast can the exis- 
tence of an embedding be decided for a given partition. Our 
first main contribution is to show that this decision problem 
is NP-hard already in the planar case. More precisely, we 
restrict to the case that the boxes of a partition and the ver- 
tices of the dual are snapped to a uniform grid, and we prove 
that the problem is NP-complete under this constraint; see 
Section[3]for the precise statement. 

The most natural choice for placing a vertex of the dual 
(for arbitrary dimension d) is the center of the correspond- 
ing box. We call a partition center-embeddable if this ver- 
tex placement extends to an embedding of the dual. We ask 
for simple sufficient conditions on a partition to be center- 
embeddable besides the trivial condition that all boxes are 
(i-dimensional cubes of the same size. We call a partition f3- 
balanced (with /? > 1) if for any set of k boxes intersecting 
in a common point, the ratio of the longest side among all k 
boxes divided by the shortest side of all k boxes is bounded 



by p. As our second main contribution, we investigate the re- 
lationships between /3-balanced and center-embeddable par- 
titions: In the planar case, we show that center embeddability 
is guaranteed if the partition is (3— e) -balanced for any e > 0. 
However, in R 3 (and higher dimensions) we can construct a 
(1 + e)-balanced partition that is not center-embeddable. The 
situation changes if we restrict to cubical partitions, con- 
sisting only of d-dimensional cubes: in this case, (3 — e)- 
balanced partitions are center-embeddable in R 3 , and we can 
construct a cubical /3-balanced partition in M. d that is not 
center-embeddable for any (3 > d/(d — 2). It remains open 
whether cubical /3-balanced partitions with j3 < d/(d — 2) 
are center-embeddable in dimensions larger than 3. 

Related work Rectangular partitions in M 2 have a lot of 
applications, for instance in VLSI design [TT], cartogra- 
phy [FTP , and database-related application |[T2"1 ; we refer to 
the survey by Eppstein (7) for more examples. In this con- 
text, rectangular partitions sometimes appear as the rectan- 
gular dual of a triangulated planar graph. Linear-time al- 
gorithms have been presented for the computation of such 
a rectangular partition dual ifTUl . Our situation, however, is 
different as the rectangular partition is the input object and 
we ask for a straight-line embedding of its dual where the 
vertices are constrained to lie inside rectangles. This can 
be seen as an instance of planar graph embedding with con- 
straints; NP-hardness has been shown for other constraints, 
such as when fixing the length of each edge (4), and, more 
related to our approach, when restricting the placement of 
each vertex to a disc [9|. Furthermore, the problem of si- 
multaneously embedding a planar graph and its dual on the 
integer grid received some interest, e.g. 0. Most related to 
our approach is the variant where the embedding of the pri- 
mal graph is fixed and an embedding of the dual is seeked 
for such that and primal-dual pairs of edges intersect. Bern 
and Gilbert [2] show that the problem is linear-time solvable 
if all faces are convex and four-sided, and becomes NP-hard 
for convex five-sided faces. The latter is proven with a reduc- 
tion from planar 3SAT and is similar to the proof presented 
in this work. However, although rectangular partitions can 
be seen as planar graphs with convex faces, there is no di- 
rect reduction from our problem because we allow the dual 
graph to intersect the partition arbitrarily, not just at primal- 
dual pairs. 

The higher dimensional equivalent of rectangular parti- 
tions (and their dual complexes) apparently have not been 
investigated from a theoretical point of view. Our motivation 
for this topic is originated in the approximation and simplifi- 
cation of d-dimensional image data (TJ. The idea is to iden- 
tify rectangular regions in which the image looks "similar". 
In the simplest case, similarity means that the image values 
inside a region are similar, but different measures can be de- 
fined. The regions define a hyper-rectangular partition which 



can consist of substantially less elements then the original n d 
image cells. On the other hand, turning a (hyper-)rectangular 
structure into a simplicial structure is a common operation in 
geometry processing; see lfl4l for a discussion with refer- 
ences. The standard approach is to triangulate the rectangu- 
lar regions separately in a conformal way; this however, runs 
into difficulties in our setup with different face lengths and 
intersection patterns and generally leads to a large number 
of simplices. The dual complex construction avoids these 
drawbacks, to the price that it does not necessarily embed in 
the ambient space nicely. 

In [T], me special case of images in R 3 induced by an 
oct-tree data-structure has been investigated. In that work, 
the dual complex is used to approximate the persistent ho- 
mology (6) of the image. It was also shown that the dual 
complex is center-embeddable, provided that the underly- 
ing oct-tree is balanced. In 0, that result is generalized 
to the higher-dimensional analog of oct-trees, called hierar- 
chical cubical subdivisions; Balanced subdivisions are spe- 
cial cases of 2-balanced partitions in our notation. Our re- 
sults show that the hierarchical structure is crucial for ob- 
taining the general result of (5), as for all d > 5, we can 
construct a non-hierarchical 2-balanced partition that is not 
center-embeddable . 

Outline We introduce hyper-rectangular partitions and 
their dual complexes formally in Section|2] Section[3]is de- 
voted to the NP-completeness proof of finding an embedding 
in the planar case. We study center-embeddability in Sec- 
tion!?] Section|5]concludes the paper. 

2 Hyper-Rectangular Partitions and 
Dual Complexes 

This section introduces the most important concepts needed 
for the results of this work. 

We call a point set of the form [ax , b{\ x . . . x [ad, bd] with 
a, < bi and a\, • • • , a-d, b±, . . . ,bd S Z an integral hyper- 
rectangle, or just a box, with lengths bi — ax, . . . , bd — a-d- 
An integral hyper-square, or square box is a box where all 
lengths are equal. We can think of a box to be composed out 
of hyper-pixels, or unit boxes which are integer translates of 
[0, l] d . Let B = [0, n] d be a square box with an arbitrary 
n > 0. A hyper-rectangular partition C = {R\, • ■ • , R m ) 
(with m < n d ) of B is a collection of boxes Ri such that 
their union equals B and their interiors are disjoint. If the 
union of the Ri is only a subset of B, we call the collec- 
tion a partial hyper-rectangular partition. We usually omit 
the term "hyper-rectangular" and just talk about a partition. 
A partition is called generic if not more than d + 1 boxes 
intersect in a common point. 
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Figure 2: Left: A non-generic rectangular partition with 5 rectangles. Middle: The distorted pixels and rectangles. Right: The dual complex 
of the partition. 



We associate an abstract d-dimensional dual complex 
D(C) to a partition C. For a generic partition, D(C) is just 
the nerve of C, that is, each box Ri is represented by a ver- 
tex Vi, and the simplices of D(C) correspond to subsets of 
{Ri, . . . , R m } with non-empty intersection. This construc- 
tion fails for non-generic partitions because intersections of 
d+ 2 rectangles give rise to a (e?+l)-simplexinthe nerve. To 
circumvent this problem, we slightly perturb the boxes to ob- 
tain a generic situation, following the construction from (5) : 
The union of unit boxes can be seen as the Voronoi dia- 
gram of the pixel centers P := {(xi + 1/2, . . . , Xd + 1/2) | 
xi, . . . , Xd G Z}. For an arbitrary e G (0, 1), we define the 
distortion of a point p = (x\ , . . . , Xd) G P as 
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higher-dimensional simplex to the interior of the convex hull 
of the projected boundary vertices. Abusing notation, we let 
7r also denote the extended mapping. We call a projection an 
embedding, if this mapping is injective, or in other words, if 
the image is a simplicial complex in M. d . 

Seed configurations Consider a d-simplex a of D(C), 
dual to the intersection point w of the boxes Rq, . . . , Rd- By 
definition of D(C), there is a unique collection of unit boxes 
Uo, . . . ,Ud with Ui C Ri such that the distorted unit boxes 
Uo, . . . ,Ud intersect as well. By definition, the Ui intersect 
in w. Let Ui be the center of Ui. We call (uq, . . . , Ud) the 
seed configuration of a. 

A sequence of points p Q = (x ,i, ■ ■ ■ , x ,d)> • • • ,Pd = 
(aid,!, . . . , Xd,d) in K d has the orientation 



We consider the Voronoi diagram of the distorted pixel 
centers. For a pixel U, we define its distortion U as the 
Voronoi cell of its distorted pixel center. For a box consisting 
of pixels Ui, . . . , Uk, we define its distortion as the union of 
the distorted pixels U\, . . . , Uk- Finally, we define the dual 
complex D(C) of a partition C to be the nerve of the dis- 
torted boxes in the partition. See Figure [2] for an example 
in the plane. We remark that the dual complex does not de- 
pend on the choice of e. Informally, the distortion is a way 
to remove high-dimensional simplices from the nerve in non- 
generic situations, thereby "preferring" connections between 
hyper-rectangle in the diagonal direction (1, . . . , 1); we refer 
to for more details. 

For a hyper-rectangular partition C = (R\, . . . , Rk), let 
Vi denote the vertex of the dual complex D(C) that repre- 
sents Ri. We call a mapping from {v\, . . . , to R d a pro- 
jection. A projection is integral if each Vi is mapped to a 
point (ai/2, . . . , ad/2) with a\, . . . , ad G Z; in other words, 
Vi is mapped to the first barycentric refinement of the inte- 
ger grid. A projection is faithful if each Vi is mapped in the 
interior of Ri. We assume in this work that projections are 
integral and faithful, unless otherwise stated. A projection 
7r extends to the whole dual complex D(C) by mapping a 
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We say that a projec- 
tion 7T of D(C) to R d 
preserves the orientation 
of the d-simplex a, if 
O(ir(v ), . . . ,ir(v d )) = 
O(u ,...,Ud), where 
uq, . . . ,Ud is the seed 
configuration of a. For 
an equivalent formulation 
in the plane, assume 
that Rq, Ri, Ri are arranged counterclockwisely around 
w. Then tt preserves the orientation of a, if the circular 
path tt(vq), 7t(ui), tt(v2) is counterclockwisely arranged, 
too. In the picture on the right, the seed configuration of 
the dual 2-simplices {Rq,Ri,R2} and {Rq, R3, R4} is 
illustrated; note that the given projection does not preserve 
the orientation of the former 2-simplex, but does preserve 
the orientation of the latter. 







s 

P2 

R, 






Rz 





3 





T 2 






u 




i 


Ti 


, »' 






1 V 
T 









T 2 




























/ 


i— ► 



Figure 3: The two possible configurations of L-joints (up to rota- 
tions and reflections). 
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The following result is a generalization of the "Geometric 
Realization Theorem" from J5). In there, it was proven that 
for balanced hierarchical cubical subdivisions, the projection 
that maps a vertex to the center of the cube is always an em- 
bedding. The main property exploited in the proof is the 
"Orientation Lemma", stating that the orientation of each d- 
simplex is preserved for such subdivisions. This is no longer 
true for arbitrary partitions, but the same proof can be used 
to show ( Appendix IB"1 gives more details): 

Embedding Theorem. Let C be a partition. A projec- 
tion 7T of D(C) is an embedding if and only if it preserves 
the orientation of each d-simplex. 

The Embedding Theorem gives a local criterion for the 
existence of an embedding. All our results are eventually re- 
duced to investigate the orientation of projected c?-simplices. 
Because of the importance of the theorem in our work, 
we included Appendix 151 which repeats the proof argument 
from [5 1 for the convenience of the reader. 

3 NP-completeness 

In this section, we concentrate on the planar case d = 2. We 
adapt our notation and leave out the prefix "hyper-" on all 
defined terms. 

Thin rectangles and L-joints We call an integral rectan- 
gle thin if one of its side has length 1, and the other side 
has length at least 4. The length £ of a thin rectangle is the 
length of its longer side. Clearly, any projection has to map 
the vertex of a thin rectangle to one of the i pixel centers. 
Three intersecting rectangles are called an L-joint if two of 
the rectangles are thin and their union is L-shaped (up to ro- 
tation and reflection), and the third rectangle is the pixel in 
the bulge of the L-shape; see Figure [3] If the L-joint belongs 
to a partition, it induces a 2-simplex in D(C). We call a con- 
catenation of L-joints L-path. Such an L-path can be cyclic, 
in this case we call it L-cycle. It is convenient to think of 
the thin rectangles in an L-joint being directed consistently 



Figure 4: A (partial) partition that does not permit an embedding 

towards one end of the L-shape. If the direction is fixed, it 
makes sense to talk about the front rectangle and back rect- 
angle of the L-joint, about the front half and back half of 
each thin rectangle, and about the front pixel and the back 
pixel which are the extremal pixels in the a thin rectangle. 

L-JOINT LEMMA. Let (Tx,T 2 , U) be a directed L-joint, 
with T\ being the back rectangle, being the front rectan- 
gle, and U being the bulge pixel. Let tt be a projection that 
preserves the orientation of the 2-simplex induced by the L- 
joint. Then, if tt maps the vertex of Ti to to its back half, it 
also maps the vertex of T2 to its back half. 

Proof. Figure [3] displays the two possible connections of 
T\ and T2, if both are of length 4. Recall that tt is assumed 
to be integral and, therefore, has only 4 choices to place the 
vertex for both T± and T%. We can see that, if tt preserves 
the orientation and maps the vertex of Ti into its back half 
it must map the vertex of T2 below the dashed line, so this 
vertex must go into the back half in both cases. The situation 
does not change if we extend T\ to the left or T% to the top. 

a 

We can use L-joints to show that dual complexes cannot 
always be embedded: Consider the (partial) rectangular par- 
tition in Figure|4] Let tt be any projection of D(C). Assume 
for a contradiction that tt preserves the orientation of all 2- 
simplices induced by the partial partition. Assume w.l.o.g. 
that the vertex of To is projected to the left half of To (oth- 
erwise, the symmetric argument applies). Direct the thin 
rectangles according to the arrows in the figure. By the L- 
joint lemma, the vertices of T\ and T2 must be placed in 
their back halves, and by repeating the argument, the same 
holds for the rectangles T3 and T4. Using the L-joint Lemma 
again, the vertex of T5 must be placed in the upper half of T5 
(caused by the L-joint with T3) and also in the lower half of 
T5 (caused by the L-joint with T4), a contradiction. Filling 
out the partial partition with pixels, we obtain a full parti- 
tion C such that no projection preserve the orientation of all 
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triangles. The Embedding Theorem asserts that there is no 
embedding. 

The reduction We define the decision problem 
Faithf ul_Embed as follows: for a partition 
C = (Ro,...,R m ) of [0,n] x [0,n], is there an em- 
bedding of D(C)1 Our goal is to show NP-completeness of 
this problem. 

First of all, the problem is clearly in NP: given an integral 
partition C, we can compute D(C) and check whether a spe- 
cific projection causes an orientation switch for any triangle 
in polynomial time. 

For the reduction, we define the grid3sat problem in 
the same way as in |9l: 

grid3sat: Given some N x N grid (with 
N linear in ri) in which some grid points are la- 
belled as clauses and some as variables. Variables 
are connected with clauses by vertex-disjoint paths 
on the grid. A sign is associated to every such path 
indicating whether the corresponding variable is 
negated in the clause or not. Every clause is in- 
cident to exactly three paths. Is the formula de- 
scribed in this way satisfiable or not? See Figure|5] 
(left) for an example. 

As stated in J9), grid3sat is NP-complete. Consider 
an instance 7ofgrid3sat and let F be encoded formula 
(in 3-CNF form). Based on the grid graph, we will construct 
a rectangular partition C such that the existence of a satis- 
fying assignment for F is equivalent to the existence of an 
embedding of C. 

We barycentrically subdivide the grid given by I a con- 
stant number of times (in fact, 5 barycentric subdivisions 
suffice) and construct our partition inside this base grid. 
For that, we first replace vertices representing variables or 
clauses by boxes of sufficient size (which we fill later), and 
we replace paths connecting variables and clauses by disjoint 
L-paths. Each path inherits the sign of the corresponding 
path in /. We think of L-paths being directed from variables 
to clauses. See Figure [5] (right). 

Inside boxes representing a variable Xi, we place a vari- 
able gadget (Figure [6] (left)). In its center, it has a L-cycle 
with 4 thin rectangles of length 8, which we direct in clock- 
wise direction. We call this cycle the variable cycle for Xi. 
Each L-path to a clause box that starts at a boundary side of 
the gadget is extended into the interior of the box and forms 
a L-joint with the corresponding side of the variable cycle. 
If the path is associated with a plus sign (that is, the variable 
appears in non-negated form in the corresponding clause), 
the path is connected to the front pixel. If it is associated 
with a minus sign, it is connected to the back pixel. 



Inside boxes representing a clause, we place a clause 
gadget (Figure [6] (right)). The three L-paths arriving at 
the boundary of the gadget are extended to connect to the 
clause rectangle, with the last rectangle being exactly 4 base 
squares long. If the L-paths arrive at different sides than dis- 
played in Figure|6l we can just rotate the gadget by a multiple 
of 90°. The gadget is designed to satisfy the following two 
properties: 

Clause Lemma. Let vo,vi,V2,v3 be the vertices of 
Rq, Ri, i?2, R3 as in Figure [6] (right), and let tt be a partial 
projection that maps Vi to pi for 1 < i < 3. 

1. If pi, P2, and ps are in the back half of Rx, R2, and R3, 
respectively, then tt cannot be completed to an embed- 
ding. 

2. If at least one of the pi is in the front pixel of Ri, then 
there exists an extension of tt to vo such that tt preserves 
the orientation of all triangles incident to Vq. 

Proof. For the first part, let po be the projection of vq in a 
completion of tt. If tt is an embedding, po is left of i\, right 
of £2 and below £3, which is impossible. For the second 
part, if pi or P2 are in the front pixel, we can set po to be 
the center of the rightmost or leftmost dashed base square in 
Figure [6] (right), respectively. If p% is in the front pixel, we 
can choose the center of the topmost blue base square for po. 
From the two red lines in Figure|6](right), it can be seen that 
the triangles indeed have the correct orientation. EQ 

After all, we have constructed a partial integral rectangu- 
lar partition, consisting of variable cycles, clause rectangles, 
and L-paths connecting them. We finally complete the par- 
tition by filling the empty spots with pixels. Let C denote 
this partition. We can construct C in polynomial time in n. 
The following lemma is sufficient to prove NP-hardness of 
Faithful_Embed. 

Lemma. There exists an embedding of D(C) if and only 
if F has a satisfying assignment. 

PROOF. "=>": Let tt be an embedding. We define an assign- 
ment as follows: for every variable Xi, consider its variable 
cycle (which is clockwisely arranged). Note that the L-joint 
Lemma implies that tt either projects all vertices of the vari- 
able cycle to the front half, or it projects all vertices to the 
back half. We set Xi to 1 if tt projects to the front half and 
to otherwise. We show that this assignment satisfies F: 

Let C = Li V Lj V Lfe be a clause of F where Li = Xi 
or Li = Xi, and consider the corresponding clause gadget. 
Let Ri, Rj, Rk the last elements of the L-paths connecting 
the clause to the variable gadgets of Xi, Xj, and X^, respec- 
tively. Since tt is an embedding, at least one of the vertices 
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Figure 5: Left: A graph presenting the formula (Xi V X 2 V X 3 ) A (Xi V X 2 V X 4 ) A (X 1 V X 3 V X 4 ) A (X 2 VI3VI4). Right: A 
corresponding representation as a partial integral rectangular partition, with L-path connections. 




Figure 6: Left: The variable gadget for Xi from Figure|5] Right: The clause gadget for X2 V X3 V X4 from Figure|5] 
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of Ri, Rj, or Rk is placed in the corresponding front half by 
the Clause Lemma. Assume w.l.o.g. that the vertex of Ri is 
placed in the front half. By iteratively applying the L-joint 
Lemma, all vertices in the L-path from Xi to C must there- 
fore be placed in the front half. If Li = Xi, the path was 
associated with a plus sign, and therefore, the L-path is con- 
nected with the variable cycle of Xi at a front pixel (as for 
instance the left and right paths originating from the variable 
cycle in Figure [6] (left)). Since ir preserves orientations, it 
follows that the vertex of the variable cycle must also have 
been placed in the front half. Hence, our assignment sets Xi 
to 1 and therefore, the clause is satisfied. If Li = Xi, the 
argument is analogous. 

"<=": We construct a projection based on a satisfying as- 
signment. We start with the variable gadgets: If Xi = 1, we 
place the vertices in its variable cycle at the front pixel, other- 
wise at the back pixel. For every L-path that leaves a variable 
cycle, we distinguish two cases: if the path has a plus sign 
and Xi = 1, or if the path has a minus sign and Xi = 0, we 
place all vertices in the path in the front pixel; otherwise, we 
place all vertices in the back square. It is straight-forward to 
verify that this projection preserves the orientation for each 
2-simplex caused by L-joints. Finally, let C = Li V Lj V Lk 
be a clause as above. Consider the corresponding clause gad- 
get and let Ri, Rj, Rk denote the connecting (thin) L-path 
rectangles. By our construction, the vertex of Ri is in the 
front pixel if and only if Li = 1, same for j and K. Since 
we have a satisfying assignment, at least one literal is satis- 
fied, so one of the vertices is in the front pixel. By the Clause 
Lemma, we can therefore place the vertex of the clause rect- 
angle such that all triangles preserve their orientation. 

After all, our projection preserves all orientations of the 
constructed partial partition. It is not difficult to see that the 
additional 2-simplices caused by filling the empty spots with 
base squares preserve their orientation as well (in fact, any 
projection preserves their orientation). Therefore, the con- 
structed projection is an embedding by the Embedding The- 
orem. ED 

After all, we can summarize 

Theorem. Faithful_Embedis NP-complete. 

4 Center projections and (3 -balancing 

We turn back to arbitrary dimensions. We define the cen- 
ter of a box [ai, bi] x ... x [ad, bd] to be the point ((ai + 
&i)/2, . . . , (ad + bd)/2). The center projection is the pro- 
jection of D(C) that maps each vertex to the center of the 
corresponding box. Clearly, this projection is integral and 
faithful. We call C center-embeddable if the center projec- 
tion is an embedding. 




Figure 7: Illustrations of the proof of Theorem [6] for /3 — 3 

We define the balance of a set of boxes {Rq, . . . ,Rk] 
with non-empty intersection to be the length of the longest 
side among all boxes Rq , . . . , Rk divided by the length of 
the shortest side among all boxes Rq, . . . , Rk- We define the 
balance of a /c-simplex a of D(C) to be the balance of the 
set of dual boxes. The aspect ratio of a box R is the balance 
of {R}. Obviously R has aspect ratio 1 if and only if R is 
a square box. We call D(C) ^-balanced for some /3 > 1, 
if each simplex of D(C) has a balance of at most /3. Infor- 
mally, /3-balanced partitions have the property that boxes are 
not too skinny, but also neighboring boxes do not differ too 
much in side lengths. 

The simplest sufficient condition for a partition to be 
center-embeddable is that all boxes are square boxes of same 
size. We investigate several generalizations of this trivial cri- 
terion. 

Planar results It is not hard to prove that a partition in M 2 
consisting only of squares is always center-embeddable, be- 
cause the edge connecting the centers of two squares does 
not leave the union of the squares. However, if we bound 
the aspect ratio of any rectangle by 1 + e (with e > 0), 
this property does not hold in general, and we can construct 
a counterexample for center-embeddability. For /3-balanced 
partitions, we prove a tight bound for center-embeddability. 

Planar Balancing Theorem. A /3-balanced parti- 
tion of R 2 is center-embeddable for f3 < 3, and there exists 
a 3-balanced partition that is not center-embeddable. 

PROOF. Consider a /3-balanced partition. For the first part, 
it is enough to prove that the center projection preserves the 
orientation of each 2-simplex for f3 < 3 according to the 
Embedding Theorem. So, let a be a 2-simplex, caused by 
the intersection of three rectangles Rq, Ri, Ri- W.l.o.g., we 
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Figure 8: Illustrations of the proof of Theorem[7](right). 



assume that the intersection point is the origin, that Rq is 
completely contained in the lower-left quadrant, Ri is con- 
tained in the upper-left quadrant, and R2 is contained in the 
halfplane x > 0; all other cases are obtained by suitable ro- 
tations and reflections. Let a denote the length of the shortest 
side among the Ri, and let b denote the length of the longest 
side; - < 0. We let Ri denote the set of possible posi- 
tions of the center of Ri. By the imposed constraints, it is 
straight-forward to verify that Ri are rectangles as illustrated 
in Figure |7] (left). Note that the lower side of R 2 does not 
belong to the set of possible centers. 

Recall that the orientation of a is preserved if 
0{po,pi,P2) = 0(uq, ui, U2), where the Uj define the seed 
configuration of a; in our case, uq = (—1/2, —1/2), m = 
(-1/2, 1/2), and u 2 = (1/2, 1/2). We scale each u t by a, 
obtaining the points ao, a%, a 2 ; obviously, 0(uq, u%, u 2 ) = 
O(ao, a±, a 2 ). Assume that the orientation of a is not pre- 
served. Then, if we continuously move the points Oj to the 
points pi along the connecting line segment (which lies in 
Ri, there must be a time where the three points become co- 
linear. It follows that there must be a line in R 2 which in- 
tersects each Ri. Such a line, however, exists if and only if 
b > 3a, as can be seen by elementary geometric arguments. 
It follows that the orientation of a is preserved if j3 < 3. 

The construction also yields the counterexample for (3 = 
3: Consider the rectangles intersecting in the origin with 
centers p Q = (-3/2,-1/2), p x = (-1/2, 1/2), p 2 = 
(1/2, 3/2). We can fill the bounding box by pixels to ob- 
tain a 3-balanced partition. The 2-simplex dual to the origin 
is projected to a line segment because p , p\, p 2 are colinear. 
Therefore, the partition is not center-embeddable. ED 



Higher dimensions Restricting to square boxes (that is, 
aspect ratio 1) does not guarantee center-embeddability for 
any d > 2: In IR 3 , the triangle spanned by the centers of three 
intersecting cubes might leave the union of the three cubes, 
and a counterexample can be constructed; see U and 13. 
We show that also restricting to /3-balanced partitions does 
not guarantee embeddability, unless /3 = 1: 

Theorem. For any (3 > 1, there exists a /^-balanced par- 
tition in R d that is not center-embeddable. 

Proof. We restrict to d = 3 for the simplicity of presenta- 
tion although our construction generalizes to any dimension: 
Choose b 6 1 such that j3 > > 1. Consider four cubes 
of length b having the origin as a corner, such that the centers 
lie in a common plane (Figure [8] (right)). Then, extend the 
cubes by a layer of voxels at two opposite faces, such that 
all voxels around the origin are covered by the four boxes. 
This ensures that the 3-simplex induced by the four boxes 
belongs to the dual. The extension does not change the cen- 
ters, consequently, the center projection cannot preserve the 
orientation of that simplex. Moreover, all boxes have side 
length b and 6 + 2. It remains to show that the arrangement 
of the four boxes can be completed to a partition without de- 
stroying /3-balancing. We refer to Appendix [A] for details of 
this technical step. EQ 



The cubical case We finally consider /3-balanced parti- 
tions in M. d where all boxes are square boxes. We call such 
partitions cubical. We first construct counterexamples in ar- 
bitrary dimension to show: 



there exists 



Theorem. For d > 3 and f3 > 
a /3-balanced cubical partition in W l that is not center- 
embeddable. 



Proof. For d > 3, a, b e Z positive, and S e {0, 1} con- 
sider the (d + 1) x (d + 1) -matrix 



/ 1 



Ml" := 



2 \ 



1 - 



V 1 



■! + <* 



It can be shown by elementary row operations (Ap- 
pendix that 



detM 



(0) 



l (da- (d-2)b). 



In particular, note that the determinant is positive if - < 
-An, vanishes if - = -An, and negative if - > -An. 

a — 2' a d— 2' & a d—2 

Let a and 6 be such that 8 > - > -At;, so that 
detM^ < 0. If we choose a and 6 large enough, it fol- 
lows that det M^p < as well, just because consti- 
tutes a small perturbation of M d °^ for large a and b. The 
rows of define d + 1 points po, . . . ,pd in R d (ignoring 
the first column). We define the square box R4 with center 
Pi and side length a for Ro, and length 6 for Ri, . . . , i?^. 
By this choice, it can be seen easily that all 2 d unit boxes 
around the origin are covered by the Ri, so Rq, . . . , Rd 
form a d-simplex a in the dual complex. Moreover, uq := 
(-1/2, . . . , -1/2) e Rq, ui := (1/2, -1/2, . . . , -1/2) S 
u 2 := (1/2, 1/2, -1/2,..., -1/2) G i? 2 , and so on, 
thus Uq, . . ■ ,Ud form a seed configuration and it is easily 
seen to that O(uo, . . . , Ud) > 0. Because O(po, . . . ,pd) < 
by construction, the center projection does not preserve the 
orientation of a. 

The last step of the proof is to show that we can com- 
plete the initial configuration Rq, . . . ,Rd to a complete 8- 
balanced cubical partition in R d . See AppendixlAlfor details. 
□ 

We are able to show that the constructed counterexample 
is the worst case in R 3 . Precisely, we state: 

Theorem. Cubical /3-balanced partitions in R 3 are 
center-embeddable for 8 < 3. 

PROOF. For simplicity, we restrict to generic partitions in the 
proof; the general case works with the same methodology, 
but requires closer investigation of the distortion defined for 
the dual complex construction. As in Theorem|7] we use the 
terms cube and voxel instead of square box and hyper-pixel. 

Consider d + 1 cubes Rq , . . . , Rd intersecting in a point 
p. Let a be the length of the shortest and b be the length of 
the longest cube among the Rq, . . . , R%. Assume w.l.o.g. 
that p = 0. By genericity, the union of the Ri cov- 
ers all voxels adjacent to p, and each cube covers at least 
one voxel. Represent these voxels by the 3-bit numbers 
0, . . . , 7 where the £-th bit of voxel j is set to 1 if and 
only if the xi -coordinate of that voxel is positive. As- 
sign to each Ri a subset of {0, . . . , 7}, denoting the vox- 
els that it occupies. Of course, only three cases are possi- 
ble, namely that Ri covers a single voxel, that Ri covers 
two voxels which are face adjacent, or four voxels which lie 
in a common halfplane. We consider Cj, the set of possi- 
ble centers for Ri. If Ri covers only one voxel adjacent to 
the origin, e.g., voxel 0, then Cj is the line segment con- 
necting (-a/2, -a/2, -a/2) and {-b/2, -6/2, -6/2). If 
Ri covers two voxels which are face adjacent, say voxels 
and 1, Ci is the trapezoid spanned by the four points 



(±a/2, -a/2, -a/2), (±6/2, -6/2, -6/2); more precisely, 
the center can not lie on either of the two non-parallel lines 
because this would prevent the cube to span over both vox- 
els, so Ci is the trapezoid with those two sides excluded. Fi- 
nally, if Ri covers four voxels in a common hyperplane, say 
voxels 4, . . . , 7, Ci is the polytope spanned by the 8 points 
(±a/2, ±a/2, a/2), (±6/2, ±6/2, 6/2); the polytope has 6 
faces, two of them being parallel. More precisely, the cen- 
ter can not lie on a boundary face except for the two parallel 
sides, so Ci is that polytope with the other 4 faces excluded. 

Assume for a contradiction that the center projection 
does not preserve the orientation of the simplex spanned by 
Ro, . . . , i?3. Scaling the seed configuration of the simplex 
by a factor of a, we obtain a simplex spanned by qo , . . . , 93 
with qi in the closure of Ci with the same orientation as the 
seed configuration. Because this orientation is not preserved, 
there are points po , . . . , p^ with pi 6 Ci such that the orien- 
tation is different. It follows that there are points p' Q , . . . ,p' 3 
with p' i G Ci whose orientation is zero. In other words, 
there exists a plane which intersects Co , . . . , C3 . However, 
Co , . . . , C3 are completely determined by the way of how 
the boxes Ri decompose the voxels {0, . . . , 7} adjacent to 
the origin, and there are only two configurations possible, up 
to rotations and reflections: the regular configuration 

{0},{1},{2,3},{4,5,6,7}, 
and the singular configuration 

{0,1},{2,3},{4,6},{5,7}. 

Consequently, there must be a plane intersecting the two line 
segments, the trapezoid and the polytope defined by the reg- 
ular configuration, or a plane intersecting the four trapezoids 
defined by the singular configuration. It can be verified, how- 
ever, that such a plane does not exist by formulating the state- 
ment in terms of a quantified system of inequalities and us- 
ing a quantifier elimination program Bfl (see Appendix IdT>. 
Hence, the center-projection preserves the orientation of ev- 
ery simplex and is an embedding. ED 

The proof idea can in principle be extended to higher di- 
mensions. However, there are two problems: first, the num- 
ber of configurations to check increases; for instance, there 
are already 3 configurations to check in R 4 . Second, and 
more seriously, the complexity of the quantifier elimination 
increases dramatically for higher dimensions; in fact, we 
were not able to verify that /^-balanced cubical partitions in 
R 4 are center-embeddable for 8 < ^2 = 2. 



1 We used qepcad: http r7/www .usna.edu/cs / -qepcad/B/QEPCAD . html| 
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5 Conclusion 
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Figure 9: A part of the complete partition, after the split of one of 
the Bi. 

A Details of the counterexample con- 
structions 

We have created configurations in Theorems [7] and [8] which 
lead to a simplex whose orientation is not preserved under 
the center projection. We have to show that those initial con- 
figurations can be completed to a /3-balanced partition. For 
Theorem|7] this is relatively straight-forward. For the proof, 
we need the following definition: Let C be a partition in 
W 1 , B a box in the partition with corners {q±, , . , , qjj) (with 
D = 2 d ), and p a point in the interior of B. Splitting Batp 
means to replace B in C with D boxes defined by the corners 
p and qi, with 1 < i < D, 

Lemma. The partial partition Ro,...,Rs from Theo- 
rem|7]can be completed to a /3-balanced partition in M 3 . 

Proof. Let 6 e Z as in Theorem [7] such that ft > 
We will construct a partition of B := [—26, 2b] 3 , consisting 
of exactly 64 = 8 • 8 boxes, with Rq, . . . , R3 among them. 
Fix a corner a; of B (with 1 < i < 8). It lies in an octant 
of M 3 with respect to the origin, and there is exactly one 
box Rj (with < j < 3) that extends into this octant. We 
consider the unique box Bi with (opposite) corners and 
Cj, the previously defined corner of Rj (note that Cj does 
not necessarily lie in the same octant). Observe that the side 
lengths of Bi are 26 - 1, 26, or 26 + 1. Also, Bi,...,B s 
form a partition of B, and each Rj (with < j < 3) is fully 
contained in some Bi . 

We split each Bi from above into 8 boxes: if Bi contains 
some Rj (with < j < 3), we let c* denote the corner of Rj 



opposite to Cj, and split Bi at Cj\ clearly, one of the 8 created 
boxes is Rj. See Figure [9] for an illustration. If Bi does not 
contain any Rj, we simply split at an integer point closest 
to its center. It is simple to verify that all boxes created by 
these operations have side lengths of at least 6—2 and at most 
6 + 2. Since by assumption, the rectangular partition is 
/3-balanced, but not center-embeddable, because it contains 
Ro,...,Rs. EQ 

For Theorem|6] the completion of the initial configuration 
is technically more challenging than in Theorem [8] because 
we can only use square boxes to fill the empty space. Indeed, 
our construction needs much more filling space to "balance 
out" the differences between the square boxes, and it requires 
square boxes of many different size, all close to 6. 

The construction needs two preparatory lemmas. The first 
is a basic fact from elementary number theory 

Lemma. Let zq := 1 and z\, . . . ,Zk be the first k prime 
numbers (starting with z\ = 2). Let 6 G Z such that 6 = 
A ■ (zi ■ ■ ■ Zk) + 1 with some A G 1. Then, the (k + 1) 
numbers 6 + zq — 1 , . . . , 6 + Zk — 1 are pairwise coprime. 

Proof. Assume for a contradiction that 6 + z, — 1 and 6 + 
Zj — 1 have a common prime factor p. Then p = zt for 
1 < I < k, because the two numbers differ by less than 2^. 
Moreover, 6 — 1 is a multiple of Z£. It follows that zt divides 
both z.i and Zj, which is a contradiction. EQ 

The next lemma proves that we can fill arbitrary large 
boxes in M. d just using square boxes with 2 d pairwise co- 
prime side lengths. 

Lemma. Let D := 2 d and let 61 < . . . < bo be pair- 
wise coprime integers. Then there exists some L Q G Z 
such that every box with smallest side length at least L can 
be partitioned into square boxes of side lengths b\,. . . ,br>. 
Moreover, the partition can be chosen such that a box of side 
length 61 is in one of its corners. 

Proof. Set B := {b 1 , . . . , b D }. Choose i such that for 
any integer L > Lq, and any two disjoint subsets B\, B2 of 
B, L can be represented as 

L=A X jj 6+A 2 n 6 

6eBi b£B 2 

with Ai , A2 non-negative numbers. We prove inductively that 
any box with minimal side length at least Lq can be parti- 
tioned. If d = 1, the statement is trivial. Let B be such a box 
in K d with d > 1 and let B denote the same box projected 
into M d_1 . Using the induction hypothesis with the num- 
bers 61, . . . , 60/2, we can partition B with square boxes in 
If we carry this partition into W [ with the lower side 
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of every box being in the plane x c i = 0, this does not yield 
a box because the square boxes have different heights in in- 
direction; however, we can stack up boxes to match their 
heights. Formally, define Pi = b\ ■ ■ ■ b D / 2 and place P\jbi 
vertical copies for a square box of length bi. In this way, we 
construct a box whose projection to is B, and whose 

length in a^-direction is Pi . We can do exactly the same con- 
struction using the integers &D/2+1, ■ • • , bo, which yields a 
box of length P2 = b D / 2 +\ ■ • • &d in x^-direction. Let Ld be 
the length of B in a^-direction. By assumption, we can find 
non-negative integers Ai, A2 with A1P1 + X2P2 = Ld- Thus, 
placing Ai copies of the box of first type and A2 copies of the 
box of second type gives the desired box. ED 

Lemma. The partial partition Rq, . . . ,Rd from Theo- 
rem [6] can be completed to a /3-balanced cubical partition 
in R 3 . 

Proof. The first step is to choose a and b appropriately. 
Note that the proof of Theorem|6]requires that f3 > — > -ir^, 

and such that det M^ 1 ' is negative. We impose additional 
conditions: Let D := 2 d and z\, . . . , Zd-i be the sequence 
of the first D — 1 prime numbers (note that the magnitude of 
zd-i does only depend on d) We choose a and b such that 
b = \z\ ■ ■ ■ zd-i + 1 for some AgZ, such that 

a a a — 2 

and such that dct is negative. In particular, applying 
Lemma [TP yields D pairwise coprime integers b := bi < 
. . . < b D = b + zd_i - 1. 

Lemma [T2l applied on the sequence b\,. . . ,brj asserts the 
existence of some Lq such that any box with side lengths at 
least Lq can be filled. We choose some L > Lq + 1 that is a 
multiple of a, and set B := [— L, L] d . We have to show that 
we can construct a partition of B containing Rq, . . . , Rd with 
square boxes of sizes a, b\, 62, . . . , bo only. By our choice 
of a and b, the so-obtained cubical partition is /^-balanced, 
and the claim is proven. 

The construction works similar as in Lemma [10] We first 
partition B into D boxes Bj (which are not square boxes in 
general), each anchored at one corner of B, and with d + 1 
of them containing one of the initial square boxes Ri. Each 
Bj has side lengths of at least L — 1 > Lq; therefore, it can 
be filled with squares boxes of lengths b\, . . . , bn according 
to Lemma [T2l If Bj contains some Ri, we can enforce that 
Ri is in the corner of the filling, as required. A special case 
is that Bj contains Rq which is of length a. However, by 
construction, this Bj is a square box of length L, and we can 
simply fill it with square boxes of length a because L is a 
multiple of a. ED 



B The Embedding Theorem 

We give some more details about the proof of the Embedding 
Theorem (Theorem[T]i which is based on |5 1. 

For a partition C = (i?i , . . . , R m ), let i?x, • • • , R m denote 
the corresponding distorted boxes as defined in Section|2] 

Lemma. Any intersection of k distorted boxes of C is 
either empty or an (n — fc)-ball. In particular, any non-empty 
intersection is contractible. 

Proof. The proof given in the "Fractual Distortion Lemma" 
in Q extends to arbitrary partitions (it is neither exploited 
that the boxes are cubes, nor that they are arranged hierar- 
chically). ED 

We now give a proof of the Embedding Theorem which 
works similar to the proof of the "Geometric Realization 
Theorem" from [0. 

Let Bcf'be the box that is partitioned by C. We attach 
two layers of unit boxes at the boundary of B, obtaining an 
extended box B. Note that this yields a partition C, which is 
an extension of C. We extend the projection 7r of C to fr of C 
by mapping vertices in the new layers to the corresponding 
box centers. 

We compactify R d to the <i-dimensional sphere S d by 
adding a vertex at infinity. Similarly, we compactify the 
dual complex D(C) by adding a new vertex at infinity and 
connecting it to every simplex of the boundary of D(C). 
Because of the preceding lemma, we can apply the Nerve 
Theorem to D{C), which states that D(C) triangulates a d- 
dimensional ball, and therefore, its compactification triangu- 
lates § d . Hence, the extended projection n defines a continu- 
ous mapping g : § d — > E> d . The degree of g at a point x not in 
any (d— l)-simplex is the number of d-simplices that contain 
g~ 1 (x), counting a d-simplex positive or negative depending 
on the orientation of its image under g. This degree is 1 in 
between the two outside layers, because all boxes are of unit 
size and therefore, the orientation of all d-simplices can be 
chosen positive. However, the degree of a map is a global 
property that does not depend on the specific location of x. 
Hence, it is 1 for any x. 

Assume now that tt preserves the orientation of all d- 
simplices of D(C). We can assume that the orientation of all 
seed configurations is positive; thus the orientation of all d- 
simplices is positive. Because the degree of g is 1, it follows 
that every point is in the interior of exactly one projected d- 
simplex. This implies that ir is an embedding, proving one 
direction. The other direction can be proven just by reversing 
the argument. 
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C Determinant bound 

We prove in this section that for the (d+ 1) x (d+1) matrix 



/ 1 "J 



(0) 



M 



it holds that 



1 - 



V 1 



2 \ 

b 



b b 
' 2 2 



detM^ 0) = )-b d - 1 a-'^{d-2)b d = h d - 1 (da-(d-2)b). 

Indeed, we subtract the (i — l)-st row from the z-th row 
for i = n + 1 , . . . , 2 to obtain 



dct M. 



(0) 

d 



( 1 -f 

a+b a—b 
2 2 
-b b 



det 



2 \ 

-6 







V o 



-b 



dct 



a+b a—b 

2 2 
-6 6 



-b b J 

b 

2 



a-b \ 
2 \ 



V 



-b b j 



where empty spots are zero. We simplify further by fac- 
toring out 1/2 in the second row, factoring out b in rows 
3, . . . , d + 1, and shifting the second row to the bottom, 
thereby changing the sign of every row that goes up. Finally, 
we can remove the first row and column of the matrix. With 
these steps, we obtain 



det Mf ] = dct 



q+b a—b 

2 2 
-6 b 

-b 



-b 



-b*- 1 det 
2 



/ 1 



\ a + b a — b 



a-b \ 
2 \ 



b ) 
\ 



-1 
a-b J 



It is straight-forward to verify that the determinant of the 
rightmost (d x <i)-matrix equals the sum of its last row, which 
is da — (d — 2)b. 



D Details on quantifier elimination 

The proof of Theorem[9]relies on the non-existence of planes 
that intersect certain point sets in R 3 . We will give some 
details on how we prove this non-existence. Recall from the 
proof that we defined a and b to be the shortest and longest 
sides among the cubes Rq, . . . , R3. By scaling, we can just 
assume that a = 1. Because of the assumption, it follows 
that b < P < 3. 

Regular case The regular configuration 

{0},{1},{2,3},{4,5,6,7}, 
induces the point sets 



(b) 



C\ 



(b) 



a 



(6) 



a 



CO 



hull{ (-1,-1,-1), 

hull{(l,-l,-l),(6 

hull{(-l,l,-l),(- 

-hull{(-l,l,-l), 

-huU{(l,l,-l),(6 

hull{(-l,-l,l),(- 
(1,-1,1), (b, -b, 
-hull{(-l,-l,l), 
-huU{(-l,-l,l), 



-b,-b,-b)} 
-6,-6)} 

b, b, -b), (1,1,-1), (b, b,-b)} 

-6,6,-6)} 

6,-6)} 



■6, -6, 6), (-1,1,1), (-6, 6, 6), 
6), (1,1,1), (6, 6, 6)} 
-b, -b, b), (-1,1,1), (-6, 6, b)} 
-6, -6, 6), (1,-1,1), (6, -6, 6)} 
huU{(-l,l,l),(-6,6,6),(l,l,l),(6,6,6)} 
huU{(l,-l,l),(6,-6,6),(l,l,l),(6,6,6)}, 



where hull stands for the convex hull of a point set. 
Assume for a contradiction that e is a plane intersect- 



ing C, 



C, 



(bi 



Since C 



(b) 



c a 



(3) 



e intersects 



C5) 



C3 as well. Let e be defined by t , . . . ,t 3 S 



via the equation 

(*o,*i,*2) ' (x,y,z)+t 3 = 0. 

We first claim that to ^ 0. Indeed, if to — 0, the projection 
of e into the yz-plane is a line. This line has to intersect the 
projections of the C\ . However, these projections give the 
subsets of the rectangles defined in Figure [7] and it can be 
seen with similar methods as in Theorem|6]that no such line 
exists for f3 < 3. Moreover, it can be easily verified that e is 
not parallel to any coordinate plane. 

Since t 7^ 0, we can normalize such that t — 1- We 
define the induced mapping 



E 



,{x,y,z) 1-^ (l,ti,£ 2 ) • (x,y,z) +t 3 . 



Clearly, e = i? -1 (0), and if for two points pi,p2 £ R 3 , 
E(pi) ■ E(p2) < 0, then p\ and P2 are separated in different 
halfspaces by e. From this property, we can immediately 
deduce 
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Lemma, e intersects each C\ \ , 1 < i < 4 if and only if 
E satisfies the following four formulas 



£((-l,-l,-l))-£((-3,-3,-3))<0 

£((l,-l,-l))-£((3,-3,-3))<0 

£((-l,l,-l))-£((3,3,-3))<0 V 
£((l,l,-l))-£((-3,3,-3)) <0) 

£((-1,-1,1)) -£((3, 3, 3)) < V 

£((l,-l,l))-£((-3,3,3)) <0 V 

£((-l,l,l))-£((3,-3,3))<0 V 
£((l,l,l))-£((-3,-3,3))<0 



Proof. The ^-direction is simple to proof. For the 
direction, note that the first two statements are trivially satis- 
fied. For the third statement, note first that e cannot contain 
the whole line segment from ( — 1, 1, —1) to (1, 1, —1), nei- 
ther the line segment from (—3, 3, —3) to (3, 3, —3) (because 
this would contradict <o 7^ 0). Let / be the plane that con- 

(3) 

tains C-2 . The intersection of e and / is a line on / that 

(3) 

intersects the boundary of C\ in exactly two points. It is 
therefore clear that this line separates two opposite vertices 
in two halfplanes. Thus, this pair is separated into two halfs- 
paces by e and this is precisely what is checked by the third 
statement. 

For the last statement, note that e cannot completely con- 

(3) 

tain any boundary face of C\ , because this would mean that 
e is parallel to a coordinate plane which is easily checked to 
be impossible. Therefore, e intersects through the interior of 

(3) 

Cg . Therefore e separates at least one of the four pairs of 
opposite vertices of the polytope, and this is checked in the 
forth statement. ED 



Singular case This case is completely analogous. For 
completeness, we write down the sets: 

Cf := huU{(-l,-l,-l),(-6,-6,-6),(l,-l,-l),(6,-6 ) 

-hull{(-l, -1,-1), (-6, -&,-&)} 

-hull{(l, -1,-1), (&,-&,-&)} 

Cf := hull{(-l,l,-l),(-6,6,-6),(l,l,-l),(&,6,-6)} 

-huU{(-l, 1,-1), (-6, &,-&)} 
-hull{(l, 1,-1), (6, &,-&)} 

Cf := huU{(-l,-l,l),(-6,-6,6),(-l,l,l),(-6,6,6)} 

-huU{(-l,-l,l),(-6,-6,6)} 

-hull{(-l, 1,1), (-6,6,6)} 
Cf := hull{(l,-l,l),(6,-6,6),(l,l,l),(6,6,6)} 

-huU{(l,-l,l),(6,-6, 6)} 

-huU{(l,l,l),(6,6,6)}. 

Defining e and E as above, we obtain: 

(3) 

Lemma, e intersects each C\ , 1 < i < 4 if and only if 
E satisfies the following four formulas 

E((-l,-l,-l))- J B((3,-3,-3))<0 V 
E((l,-l,-l))- J E;((-3,-3,-3))<0 

S((-l,l,-l)).^((3,3 > -3))<0 V 
S((l,l,-1)) -£((-3,3,-3)) <0 

£((-l,-l,l))-£((-3,3,3))<0 V 
£((-l,l,l))- J B((-3,-3,3))<0 

£((1,-1,1)) -£((3, 3, 3)) <0 V 
£((1,1,1)) -£((3, -3,3)) < 0. 

Again, it can be proven with a quantifier elimination pro- 
gram that the induced quantified formula is false. 



With Lemma[T5l we can formulate a quantified formula in 
the real variables t\, £2, £3 which is true if and only if a plane 
e as required exists. However, using a quantifier elimination 
program, we can easily compute that the formula is in fact 
false. 
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